Abstract: Magnetic eld measurements above type-II superconductor lms in a remanent magnetization state have been used to determine two dimensional surface current distributions. Using the Biot-Savart law for the surface current density, integral equations (of 2-D convolution type) for two components of current have been obtained. These equations have been solved by employing Tikhonov's method of generalized discrepancy, and the surface current pattern in superconductors as well as the magnetic eld distribution on the lm surface have been obtained. Current peculiarities related to various kinds of inhomogeneities, speci c character of the lm form, and a laser pulse e¬ect have been observed. In particular, it was discovered that a laser pulse can signi cantly redistribute the lm currents without changing the total number of current vortices in the lm.
Introduction
The current and¯eld dynamics in high-Tc superconductor (HTSC)¯lms in an external magnetic¯eld is rather complicated. The magneto-optical method [1, 2, 12 ] is a powerful tool for investigation in this area, and important physical results have been obtained by using this method (see, for example [3, 4, 5] ). In particular, Albrecht et al [5] present the visualization of microscopic currents°owing inside and between grains with diameters of 5{30 · m in Y BaC uO polycrystal. In this method the Faraday e®ect in magnetooptical active material (ferromagnetic EuSe sputtered on a superconducting¯lm) was used, hence the method is not an invasive one. In this case it is di±cult to investigate the e®ects due to various external in°uences, such as laser or microwave emission. Moreover it is not easy to measure the magnetic¯eld outside the¯lm surface, which would be useful for determining the currents on the surface of the¯lm.
Another method [6, 7] has been used which is also applied in this paper. This method is based on measuring the perpendicular component of a magnetic¯eld above the¯lm surface, using a Hall scanning probe. The sensitivity and the resolution of this method could be, in principle, su±ciently high even for a single vortex spatial resolution [7] . Roth et al. [8] and other workers employ Biot-Savart law to determine current distributions from magnetic¯eld measurements. In the present work, we employ Biot-Savart law and the continuity equation but in a di®erent manner. First we obtain two integral equations for two surface current components in the form of 2-D convolution. Then we utilize Tikhonov method [9] to apply the e®ective numerical inversion algorithm for the solution of these equations. Using this method we have investigated the current distributions in thin HTSC¯lms.
Measurements of Magnetic Field
The method for measuring the perpendicular component of magnetic¯eld H z (x; y) at arbitrary height z (see Fig. 1 ) above the¯lm surface cooled with liquid nitrogen (77 K) uses a Hall scanning probe. The perpendicular external magnetic¯eld was generated by a solenoid coil which also is cooled with liquid nitrogen (77 K) and produces a maximum eld of 500 Gauss. The magnetic¯eld increases linearly up to its maximum value during 20 seconds and then decreases in the same manner down to zero. We begin the measurements after 5 minutes, when the¯lm magnetization becomes stationary. Two thin square¯lms (thickness about 0.1 · m) with a lateral length of 10 mm and one disk¯lm (thickness 0.075 · m) with a diameter of 20 mm were chosen for measurements. A Hall probe with dimensions 100 times 50 · m in the x ¡ y plane and 10 · m in the z-direction was utilized in the experiment. The noise level was about 0.1 Gauss. The height level z of measurements was chosen in a 200{300 · m interval to ensure non-invasive conditions. The lateral resolution of measurements (pixel size) was chosen as 125 · m for square¯lms and 250 · m for the disk¯lm (comparable with the Hall probe size).
Formulation of the Inverse Problem
The initial equations of the inverse problem formulation have been obtained using the Biot-Savart law, stated for surface current as
where j x , j y are the components of surface current densityj,
and the continuity equation yields
The second term of the integral (1) can be evaluated by parts so that one obtains the integral of @j y =@y 0 . Using (2), we make a substitution @j y =@y 0 ) ¡ @j x =@x 0 and evaluate this term by parts again in the opposite direction to obtain it in the form of the integral of j x . Then, if we combine both terms and sum up their kernels, we can obtain integral equations (of the 2-D convolution type) for two components of the current:
where (3) and (4) yields a solution of the inverse problem of 2-D current pattern determination from the 2-D magnetic-¯eld distribution measured in the x ¡ y plane at some arbitrary vertical distance z. This is a nontrivial ill-posed problem and special regularization methods should be applied in this case. But it is not such a di±cult problem compared with the methods described in the literature [2, 3, 4, 5, 8, 12] where the problem is solved in two ill-posed steps. The¯rst step is the solution of the integral equation for the 2-D scalar function of local magnetization g(x,y). It is similar to the ill-posed problem, such as the solution of (3) or (4). The second step yields two components j x (x; y) = @g=@y and j y (x; y) = @g=@x, which is also an ill-posed problem. If the solution relative to g(x; y) is obtained by inversion of the integral equation without regularization, and if the second step is an ordinary numerical di®erentiation, arbitrary large measurement errors are possible.
Retrieval Method
Convolution equations (3) and (4) have been solved using the Tikhonov's method of generalized discrepancy [9] . Equation (3) can be written as
where K h is the kernel, H ± z is the measured z-component of the magnetic¯eld, and j x (x 0 ; y 0 ) is the x-component of the surface current to be determined. The measure of the measurement error¯and the measure of the kernel error h satisfy the relations°°H
where H z corresponds to the exact solution.
According to the method of generalized discrepancy, the approximate solution j x of equation (5) minimizes the generalized discrepancy functional
subject to the condition°°K
The use of the Fourier transform enables us to obtain the solution of convolution-type equations for an arbitrary value of ¬ in (7) in the closed form:
where
The condition (8) determines the value of the regularization parameter ¬ for the given value of measurement error¯. It decreases with decreasing¯, but more slowly. The main advantage of the Tikhonov's method is a uniform convergence of the measurement error to zero at mean square convergence of measurement errors. The closed form of the exact solution (9) and the possibility of using Fast Fourier Transform (FFT) codes enable us to make a very e±cient algorithm. Its accuracy has been investigated in numerical simulation.
Numerical Modelling
It is well known that it is impossible to study the in°uence of measurement errors on accuracy of solutions in the case of ill-posed problems without numerical simulations. The quality of a solution depends on its speci¯c character as well as on errors themselves. So, there is a need for numerical modelling for typical as well as extreme cases in the set of possible solutions. It is not an easy task for 2-D problems, speci¯cally, when two current components are determined independently which should satisfy the continuity equation (2) . Also, some other problems need to be solved in order to successfully apply the method described above. First, to enable application of the Fourier transform, both the kernel and the exact solution should have local carriers. If the local carrier of the kernel in (5) (12) and to continue periodically the kernel of (12) on the whole plane with the periods T 1 = B 1 ¡ b 1 and T 2 = B 2 ¡ b 2 (for the¯rst and second arguments respectively). Hence the magnetic-¯eld pattern should be wider than the range of current determination (up to the distance where¯eld values are comparable with measurement errors). Then the range of current determination could also be considered as periodically continued in the x 0 ¡ y 0 plane. The local carrier of the solution is evidently limited by¯lm sample sizes. Hence, to apply this theory it is necessary to determine the local carrier of the kernel, which depends on the height z in the measurements. In Fig.2 the function K (u; w) for (4) is shown. It has no locality in the transverse direction (because of the continuity condition for the current), thus it is impossible to apply the inversion method without proper modi¯cation. A simple method of modi¯cation is to use a magnetic¯eld di®erence as the right side of equation (12):
In Fig.3 a new kernel ¢K of (14) at ¢y = 0:6 mm (at this value it is nearly symmetric) is shown. One can see that this new kernel has a proper local carrier. It is not straightforward to deal with realistic 2-D current distributions by numerical simulation in this inverse problem because of the additional continuity condition for the current. We used here the simplest Bean model [10] with a homogeneous current distribution over the surface for square and round¯lms of various sizes. In Fig.4 and Fig.5 it is possible to observe the initial and the determined square current patterns under the true conditions of the experiment. The magnetic¯eld was calculated for the initial current distribution. Then a random normally distributed error with a standard deviation was added to this¯eld to obtain \measurement data", and the result was used for the determination. There were two sources of error in measurements: random noise of the magnetic¯eld and the error related to the uncertainty of the height level of the Hall probe. The random noise is not correlated with the grid step of measurements, and it is straightforward to estimate its mean square value using the measurement data outside the region of magnetic¯eld related to¯lm currents. Its rms value amounts to about 0.1 Gauss. The systematic error of the Hall probe height in our measurements was less than 50 · m. It leads to about 0.5 gauss error in the¯eld maximum. However, in view of the di®erence method used (see (14) ), the error in the¯eld di®erence at a distance of 0.6 mm is less than 0.03 gauss and has a negligible in°uence on the solution.
Our numerical simulation yielded the following results. The rms of random errors of measurement related to the random \data" noise with the rms of 0.1 Gauss changes from 0.1 A=cm for the low current values (about 2A=cm) to 0.5 A=cm for the strong currents (about 20 A=cm). It increases very slowly along with the rms of the \data" errors. Only at the relative (to mean¯eld value) error level of 30% the measurement errors can be considered as signi¯cant. There is also a systematic error: some distortions in the weak regions of¯lms near the sharp current peculiarities or peculiarities of the¯rst derivatives of the current. The main source of these errors (typically, about 5%) is related to errors in the kernel of (14), because the kernel changes signi¯cantly with pixel distance, and it is not easy to solve this computational problem. Also, it is much more di±cult to obtain the sharp distributions in ill-posed problems.
At any rate, the achieved accuracy was quite suitable for our goals. The position of the current center is determined precisely. The surface resolution of the measurement can be estimated by the size of the funnel-shaped center of the measured current shown in Fig. 6 and does not exceed 250 · m. The achievable resolution at a given \data" accuracy is limited mostly by the Hall probe size, and in our case, remains quite good up to the measurement height of about 1 mm. Fig. 7 and Fig. 8 show the 2-D distribution of the z-component of the magnetic¯eld for two square¯lms, measured at a height level of 300 · m. In Fig. 9 and Fig. 10 the results of measurement are presented for the current modulus. It is evident that the current values are quite di®erent for these two¯lms. The speci¯c character of defects gives rise to peculiarities of current distribution in each¯lm. One with a lower value of critical current has traces after four contacts with wire conductors; the second¯lm has perhaps the only defect in the vicinity of the center. The size of the funnel-shaped centers of rotation (see Fig. 11 ) exceeds 2 mm, which is much larger than the resolution of measurement obtained in numerical simulations for the Bean model (see Fig. 6 ). It leads to the conclusion that the measured current peculiarities could be considered normal. Hence the near-center current distribution in the case considered here di®ers from the extended Bean model [13] distribution. According to Mikheenko et al. [13] , the size of the funnel around the center of rotation of the current at our measurement conditions should be about 2{3 microns. The possible explanation of this e®ect is the existence of a long-range interaction between vortices in thin¯lms. It is perhaps related to the in°uence of the large-scale inhomogeneities or to the current creep just after the end of magnetization.
Results of Current Measurement
In Fig. 12 and Fig. 13 we show the distribution of the measured vector of a surface current for these¯lms. Currents in the¯rst¯lm°ow around the contact traces, and there are two loopes of current in the central part of the second HTSC¯lm. At some point where these loopes of current moving in opposite directions meet, the resulting current becomes zero (see also Fig. 10 , where there are three points of zero current). The current direction for square¯lms corresponds, in general, to the Bean-like model, but the distribution of current modulus is very inhomogeneous. It agrees in some details with the results presented by Schuster et al. [3] .
Determination of Magnetic Field on the Film Surface
It is possible to determine the magnetic¯eld patterns on a¯lm surface using the measured current distributions. But it is not quite correct to use Biot-Savart law for this purpose in the form of (1) at z = 0. The kernel of (1) in this case becomes non-integrable, which leads to a divergence of the magnetic¯eld on diagonals of square¯lms for the Bean model. In order to make a correct calculation of the magnetic¯eld, it is necessary to take into account the¯lm depth. In this case one must use Biot-Savart law for the volume current density assuming the z-component of current equal to zero:
If the¯lm is located in ¡ d µ z µ 0, it is possible to evaluate the integral over z 0 :
we have a proper equation for the surface current j = j vol d:
In Fig. 14 the magnetic¯eld on the¯lm surface is shown for the second square¯lm. The comparison with Fig. 8 leads to conclude that the magnetic¯eld at z = 300 · m di®ers essentially from that at the surface level. The maximum di®erence in¯eld values exceeds 4 Gauss. One can observe the third maximum in the surface magnetic¯eld pattern (Fig. 14) , which is absent in the magnetic¯eld pattern at 300 · m (Fig. 8) .
The pattern of the magnetic¯eld at the surface is similar to Abricosov vortex density distribution, and it is easy to determine this density just by using proper scaling.
E® ect of Laser Pulse Irradiation on Current Distribution
The in°uence of a laser pulse on magnetization of HTSC¯lm has been observed by Nozdrin et al. [11] and the method of current measurement considered in this reference has been applied in the present investigations. In Fig. 15 the initial state of the magnetic eld of a circular disk¯lm with a diameter of 20 mm after the magnetization process is shown (height of measurements was z = 225 · m). The current perturbation due to the laser pulse (with the beam footprint of 2 mm) leads to a new distribution of currents and, hence, to a new magnetic¯eld distribution shown in Fig. 16 . The pulse duration was ½ = 10 ¡7 s, chosen comparable to the time of¯lm-substrate heat exchange. The thermal relaxation time of the entire system is about 10 ¡4 s. The measured current patterns before and after the laser pulse impact are presented in Fig. 17 and Fig. 18 , and their di®erence is shown in Fig. 19 . One can observe that the strong counterclockwise current rotation region near the center of the¯lm (Fig. 17 ) has disappeared and this region could well be seen in the same place but clockwise in Fig. 19 . The regions of current enhancement (mainly in the form of loops of current, seen as rotating counterclockwise in Fig. 19 ) appeared in the region around the beam footprint. Thus the laser pulse leads to the current shift to surroundings, a very interesting result. Using (16), the surface magnetic¯eld distributions before and after the laser pulse have been determined. Their distribution is similar to Abricosov°ux lines density, so their di®erence, shown in Fig. 20 , gives the picture of the vortex density change caused by the laser pulse. One can see that the°ux lines disappear in the wide region of the laser beam, but they appear in the surrounding area. The most unexpected result is that the mean value (over the¯lm surface) of the change of the surface magnetic¯eld is equal to zero inside the limits of accuracy of the measurements. It means that in the case we have considered, the laser pulse redistributes currents signi¯cantly without changing the total number of current vortices in the¯lm. This is in agreement with Maxwell equations, but this fact leads to the conclusion that the current values in large regions of the¯lm were much less than the critical current J c that should be present everywhere in the¯lm under conditions of saturated magnetization in the strong external magnetic¯eld [13] .
Another interesting result is related to currents in the region of the beam footprint on the¯lm after the laser pulse. Because of the heating, all the currents should disappear in this region. Hence, after the end of heating only the current creep could produce these currents. Indeed there exist very weak currents in this region. The mean value of the current modulus is 0.40A=cm and their directions are similar to those existing before the laser pulse. But this mean value is comparable to the mean value of measurement errors calculated outside the¯lm region (0.25A=cm), so it is clear that in our case the creep e®ect is not very pronounced.
Conclusion
Investigations of 2-D surface current distributions based on measurements of magnetic eld above the type-II superconductor¯lms in a remanent magnetization state have been carried out. Using the Biot-Savart law and the continuity equation, integral equations (of 2-D convolution type) for two components of current have been obtained. We have solved these equations by utilizing Tikhonov's method of generalized discrepancy. We have measured surface current density patterns in superconductors as well as the magnetic eld distribution on the¯lm surface. The current peculiarities related to various kinds of heterogeneities, speci¯c character of the¯lm form, and a laser pulse e®ect have been determined from measurements. Regions of current rotation, currents°owing around heterogeneities, and redistribution of currents after the laser pulse impact have been observed. It was determined that the current distribution near the center in the cases considered are about 2mm in diameter, i.e. much wider than in the extended Bean model distribution. The e®ect of redistribution of the¯lm currents by the laser beam without changing the total number of vortices has been observed. This e®ect has the potential to change, and perhaps form, current distributions in the HTSC¯lms using laser emission.
The results of our investigation demonstrate new research possibilities of the method considered in our work, and enable us to make the observation that this method and the magneto-optical method could complement each other. Fig. 9 Retrieved modulus of surface current for the rst square lm by magnetic eld pattern shown in Fig. 7 . Fig. 10 Measured modulus of sheet current for the second square lm by magnetic eld pattern shown in Fig. 8 . Fig. 11 Central part of the measured current for the rst square lm (see in Fig. 9 ). 
